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Goals

1. Discuss gradient-based methods for smooth distributed convex
optimization

2. Compare the advantages and disadvantages of different
methods

3. Compare the distributed and centralized settings, and
understand the differences
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Introduction

Review |

Recall the problem
mllde N - Z fi(x)

where fi, ..., fy are L-smooth, G-Lipschitz convex functions.
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Introduction

Review |

Recall the problem

min Z fi(x)

x€Rd N “

where fi, ..., fy are L-smooth, G-Lipschitz convex functions.
We can rewrite this as

1N
.mln N;f;(x;)

X1,...,xyERY

st. x1=x0=--- =Xy
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Introduction
000

Review |

Recall the problem

1N
min, 2 0
where fi, ..., fy are L-smooth, G-Lipschitz convex functions.
We can rewrite this as
1N
L DI
st. x1=XxXp=---=Xpn
The error in satisfying the constraint x; = --- = xp is called the

consensus error. We usually measure E = S0, ||x — X||3.
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Review |l

Definition

A graph is a pair G = (V, E) of sets, called vertices and edges,
where E C V x V.

» In the distributed context, vertex i represents an agent, with
its local cost function fi: RY — R and local variable x; € RY.
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Definition

A graph is a pair G = (V, E) of sets, called vertices and edges,
where E C V x V.

2

>
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In the distributed context, vertex i represents an agent, with
its local cost function fi: RY — R and local variable x; € RY.
Edge (i,/) implies that there is a communication line between
agents j and j, so agents i and j are able to communicate.
We assume that for any pair of agents i and j, there exists a
sequence of edges (i, i1), (i1, i), - - -, (ix,J), starting with i and
ending with j.

» This property is known as connectedness.
We also assume that if (i,/) € E then (j, i) € E. This means
all communication is bidirectional.

SOC Reading Group Meeting 27 November 2024

UC SanDiego



Introduction
0o0e

Review |l

Definition

A graph is a pair G = (V, E) of sets, called vertices and edges,
where EC V x V.
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In the distributed context, vertex i represents an agent, with
its local cost function fi: RY — R and local variable x; € RY.
Edge (i,/) implies that there is a communication line between
agents j and j, so agents i and j are able to communicate.
We assume that for any pair of agents i and j, there exists a
sequence of edges (i, i1), (i1, i), - - -, (ix,J), starting with i and
ending with j.

» This property is known as connectedness.
We also assume that if (i,/) € E then (j, i) € E. This means
all communication is bidirectional.

» A graph with this property is called undirected.

SOC Reading Group Meeting 27 November 2024

UC SanDiego



Distributed Gradient Descent

Pranav Reddy

Definition
Let W € RVXN be a weight matrix (compatible with the graph G)
with o := HW = %HTHz < 1. The decentralized gradient

descent method is
N
xi(t+1) = > Wixi(t) — n:VHi(xi(t)), i=1...,N (21)
j=1

where 7; > 0 is the step size. A common variant of the DGD
method is the diffusion method.

N
xi(t+1) =3 W <x,-<t) - mva(xj(r»), i=1,.. N,
Jj=1

SOC Reading Group Meeting 27 November 2024

UC SanDiego



Distributed Gradient Descent

Notation

We introduce the notation

Xl(t)T
X(t)=] c RNxd,

XN(t)T

We also define the function F : RV*9 — R defined by

T
N X1
F(X) = g fi(xi), where X =
i=1 X/—Vr
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Notation |l

Note that, since each f; is assumed to be differentiable, the
function F is also differentiable, and its gradient is given by

Pranav Reddy

OF(X)
0X1,1

OF (X)
OXn 1

OF(X)
0X1,d

OF(X)
OXn,d

Vﬂ(Xl)T

. )

VI‘-/\/(X/\/)—r
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Distributed Gradient Descent

Notation Il

Therefore, the DGD method and the diffusion method can be
equivalently written as

X(t+1) = WX(t) —n: VF(X(t))
and

X(t+1)= W(X(t) — mVF(X(t))),

respectively. We will mainly focus on the original DGD method,
but the convergence analysis and results can be adapted to the
diffusion method without much difficulty.
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Distributed Gradient Descent
)80

Notation IV

We introduce one last piece of notation:
1Y 1
= _ _ ].TX T
X(0) =y Lodt) = y@TX(),
1Y 1
g(t) = 3 2. VA(1) = 51T VF(X(1),
k=1

where 1 € RV is the vector of all 1's. We then define the
CONsensus error as

(xa(t) —x)"
E(t) = ; — X(t) —1%T = (/ - /1/11T) X(t).
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Dlstrlbuted Gradient Descent

First Observations

Notice that if W is doubly stochastic (W1 = WT1 = 1), then

E(t+1)= (/ — /i/llT> X(t+1)
_ (/ _ ;/11T> <WX(t) - mw(x@)))
— (W— 11T) (E IiluTX( ))

e ( L11T> VF(X(1))
- (W - IiluT) E(t) —ne (I — L11T> VF(X(1))

=
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Consensus Error

By denoting
A(t) = (/ — It/nT) VF(X(t)),
we directly have
IE(t + DllF < ol E(8)lIF +nell A F-

This inequality leads to the following result:

Suppose there exists 6 > 0 such that |A(t)|| < 0 for all t. Let
no > M1 > 1n2 > - -+ be a sequence of non-increasing step sizes.
Then
t—1
IE@IF < o IE@)llF +3D o e,
7=0
v
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Convergence of the Consensus Error

Suppose there exists 6 > 0 such that |A(t)|| < 0 for all t. Let
no =M1 > 1n2 > --- be a sequence of non-increasing step sizes.
Then
t—1
IE(®F < o IEQ)IF+8> o'y,
7=0

V.

It is easy to see that the first term decays to zero, since we assume
o < 1. The second term is slightly more technical to analyze. We
will use a convenient result about sequences and series, a proof can
be found online or in many textbooks on the subject.
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Distributed
0000

Stolz-Cesaro Theorem

Theorem (Stolz-Cesaro Theorem)

Let (ap) and (b,) be two sequences of real numbers such that:

1. (bp) is strictly monotone and unbounded, i.e., either b, — o0
or b, — —o0 as n — oo.

2. The limit
li dn+1 — @n
m ——

exists and is finite.

Then:
. n+1 dn
lim — = lim
n—o00 bn n—o00 bn+1 _ bn
o
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Distributed
0000

Stolz-Cesaro Theorem

Theorem (Stolz-Cesaro Theorem)

Let (ap) and (b,) be two sequences of real numbers such that:

1. (bp) is strictly monotone and unbounded, i.e., either b, — o0
or b, — —o0 as n — oo.
2. The limit
. apy1—a
iy SoAL T Gl
n—00 bn+1 — bn
exists and is finite.
Then:
a ant1 — a
lim =7 = lim o0

n—oo b, n—o0 bn+1 — bn'

This can be viewed as a discrete version of L'Hopital’s rule.
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Distributed Gradient Descent

Proof of Convergence

Fix two constants o € (0,1) and 3 > 0. We have

n o~ T
lim (1 —o)n® Z 3

n—o0 T

=1

T7=1

Thus, the series >."_; ":ﬁ—j converges to 0 at a rate O(n~ ") as
n — oo.
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Distributed Gradient Descent

Proof of Convergence I

We first write

5 n_ gn=r 1 -1 n o~ T
(1=o)n Z b =<(1—U)n50”) Tz_: ™

=1
and then define two new sequences
n -7
o 1
a, = E —, bp=——7—7—.
L B " (1—o)nBon
=1

Since 0 < o < 1, we know b, is monotonically increasing and
lim, o0 by = .
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Distributed Gradient Descent

Proof of Convergence IlI

In addition, it is easy to verify that

U—n—l
dn+1 — dn = m
and
bn+1 - bn = ! - !
(1—0)(n+1)Pe™l (1 —o0)nfor
n® —o(n+1)°

- o1 —o)nf(n+1)F

Thus, we can verify that

0‘_"_1
ant1 —an (n+1)? _ (1-o)n? 1
bpi1— b, __rP=o(t1)f  pf _5(n+1)8 '
nLTE A=) P (n )P ( )
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Distributed Gradient Descent

Proof of Convergence IV

Thus,
0'_"_1
ant1 — an (n+1)? (1-0)n”
bni1 — bp n®—o(n+1)f nf —a(n+1)»

o"1(1—o)nf(n+1)P

By the Stolz-Cesaro Theorem,
5 n o7
A, = (=" 2, =5 = fim 2/ =1
T=
This also proves that > 7_; ":—;T =0(n").
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Distributed Gradient Descent

Another Useful Bound

Suppose there exists 6 > 0 such that |A(t)|| < 0 for all t. Let
No > M1 > 1m2 > - -+ be a sequence of non-increasing step sizes.
Then

t—1 2 2 t—2
3 2no||E(0) || 40 3

. E 2 < F 3‘
.,.zon H (7—)“F = 1 _ 02 + (1 — 0,2)2 Tzonr
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Distributed Gradient Descent
Proof

By induction, we can derive from the earlier recursion that

1—02 202
2 2 2 22
||E(r+1)||p_(1+ - )a ||E(r>||F+< 1_0_2>nf6

1 +a 262
< IE(H)IIF + —0277?,

where we used the inequality
lu+vI® < (1 +e)ul® + (L +eH)v]?

for any € > 0.
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Dlstrlbuted Gradlent Descent

Proof Il

Consequently,
t—1 t—1 2\ T
1+o0
ZTITHE(T)HzF§Z77T< 5 > IE(O)I7
7=0 7=0
252 Il 1+a T
DD 173

1_07050

Now for the first term on the right-hand side, we have

Zm (”" ) IE©)IE <l EQ)IE Y (”2" )

7=0
2
2770 1E(0)|I%
= 1 _ 0_2 )
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Dlstrlbuted Gr 'ent Descent

Proof Il
To bound the second term, we can interchange the double sum to
get
t=17-1 /4 g T—1-s t—2 t—1 1402 T—1-s
Z( ) e <> o2 > ( 5 ) un
7=0s5=0 s=0 T=s+1
= 1—02 Z 1ls:
s=0
Therefore,
-2
T 1—02 (1—02)2 — 18
s=0
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Distributed Gradient Descent

First Observations

Notice that
x(t+1) = x(t) — n:&(t) (2.2)
Since g(t) = # SN VAi(xi(t)), we expect that if E(t) is small,
then the “residual”

N

N
B0~ 1 Y VARD) = 1Y (vmx,-(t)) - w(x(t)))
k=1

k=1

should be small.
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Notice that
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then the “residual”

N

N
B0~ 1 Y VARD) = 1Y (w-(x,-(t)) - w(i(t)))
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First Observations

Notice that

x(t+1) = x(t) — n:&(t) (2.2)
Since g(t) = & SN VAi(xi(t)), we expect that if E(t) is small,
then the “residual”

N

N
B0~ 1 Y VARD) = 1Y (w-(x,-(t)) - w(i(t)))
k=1

k=1

should be small.

» This inexactness property is common in distributed algorithms

» We can only estimate the true gradient at x(t) via some
averaging process.
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Distributed Gradient Descent

Proof of Convergence

Note that

I%(t) = x*|I? = I%(x + 1) + 1&g (t) — x*|?
= [I%(t +1) = x*||? + 20 (& (£), %(t + 1) = x*) + [|Ine& (1)

Thus,
S+ 1) = 2 = SI%(0) — P
~ 2ne{g(8) X(t + 1) — ) — Elg(D)?
= ZIR() — 1P el (8).x* — x(¢ 4+ 1)

1 _ -
— Slx(e+1) - %))
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Distributed Gradient Descent

Proof of Convergence I

We first bound the inner product term. We have

(&(t),x" = x(t + 1)) = (&(¢),x" = x(t)) + (&(2), X(t) — x(t + 1)).

For the first term, we can apply the definition of g(t) and the
convexity of each f; to obtain

N

(B(1), "~ %(2)) = %Zwmx,-(r»,x* - x(0)
N

Z (VFi(xi(t)), x* — xi(t))
i=1

N
Z (VEi(xi(t)), xi(t) — x(t))
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Distributed Gradient Descent

Proof of Convergence IlI
Continuing,
N
(g(t),x* — x( Z Vii(xi(t)), x* — xi(t))

1 N

+ = 3 (VE(xi(1)), xi(t) — x(t))

N i=1
1 *
< 5 ()~ ()
i=1
1 N
2 S (TEC(0), 1 (1) - X(2)
i=1
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Proof of Convergence IV

Thus,

(&(t), x* = x(t) <—Z(f ) — filxi(1)))

+ 5 Z(Vf,-(x,-(t)),x,-(t) - X(t))
i=1
< f(x*) = F(X(1)),

where

N
Z fi(xi + (VFi(xi), x — xi))

(F(X + tr (VF(X)( 117X - x) ))

SOC Reading Group Meeting 27 November 2024
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Distributed Gradient Descent

Proof of Convergence V

For the second term, we use the L-smoothness of each f; to obtain
fi(x(t +1)) < fixi(t)) + (VAi(xi(t)), x(t + 1) — xi(t))
+ S IR+ 1) = (0P
= fi(xi(t)) + (Vfi(xi(t)), x(t + 1) — x(t))

+ (VAia(t)), x(t) — xi(t)) + éll?(f +1) = xi(t)]|*.
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Distributed Gradient Descent

Proof of Convergence VI

Thus,

N
S (FOE) + (TACa(0). K¢+ 1) — (1)

1:1
+(THGo(8),%(2) — (1)
+2x(e+ 1) — (1))
)+ (B(1). X(¢ + 1)~ %(2)

LY ) )
—NZ;HX(H ) = xi(t)]

1 N
_Z I(X(t+1
Ni:l

= F(X(1)
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Distributed Gradient Descent

Proof of Convergence VII

Using the fact that [|x + y||2 < 2||x||? + 2]|y||?.

A

*Zf < F(X()) + (&(t), %(t +1) — (1))

N

3y 22 IR+ D)~ ()1
<)+ e+ 150

LR+ 1) - RO+ Zux —x(0)]?
— HOX(0) + (@0 5(e+ 1)~ 5(0)

LR+ 1) X + T @R

SOC Reading Group Meeting 27 November 2024
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Distributed Gradient Descent

Proof of Convergence VIII

Thus, combining the two bounds gives

(B(£),x" = x(t+1)) = (&(£),x" = (1)) + (B(),X(t) = x(t +1))
< (£ = F(x(1)))

+ (?(X(t)) — f(x(t+1)) + L||x(t + 1)

()P + ﬁnf(r)n%)
= F(x') — F(=(E+ 1) + LIR(E + 1) — X))

L
+ SIE@IE
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Distributed Gradient Descent

Proof of Convergence IX

Substitution into the original equality gives
- 1 _
ne (F(R(t +1) = F(x7)) < S[I%(1) = x|
1 _ N 1 _ _
= SlI%(E+1) =7 = SlIx(e + 1) = %(6)]

_ _ nel
el |%(E+1) — ()7 + EEIE@)2.
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Distributed Gradient Descent

Convergence Theorem for DGD

Theorem ([2, Lemma 3.2])

Suppose that fi, ..., fy are all convex and L-smooth, and there
exists x* € RY such that x* € argmin,cps & S, fi(x). Consider
the DGD algorithm Equation (2.1) such that Equation (2.2) holds
and n: > 0 for all t. Then, we have

Y11 (F(X(7) = F(x) _ [1%(0) — x*|1?

i1 M1 23 0777
| L wlEDI
N 5—%)777
4 2= =02 (2n,L = D)lIE(1)1F
22 0777
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Distributed Gradient Descent

Constant Step Size Convergence Rate

For simplicity, suppose every agent starts from the same initial
point so that Ey = 0. Suppose we choose a constant step size
ne=mn<1/L. Then
1< x(0) — x*||>  2n°LG?
?Z X(T (X*)) S H ( )2 . || 4 (177_ 02)27
=1l n
and
22
2 " G
*ZHX:(t)—X )|© < m‘
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Distributed Gradient Descen

Diminishing Step Size Convergence Rate

Suppose we choose the step sizes to be n; = ﬁ for some
a € (0,1) and 8 € (0,1). Then

o

t%ﬁ), 0< B <1/3,

Z:—:l nT—l(f()_((T)) - f(X*)) < 0 %) , B _ 1/3’

0(aks), 1/3<B8<1,
and
1Y )
3 22 it = %01 < 0 5)
=
Pranav Reddy SOC Reading Group Meeting 27 November 2024
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Distributed Gradient Descent

Discussion

» A natural question is if the Lipschitz continuity of the local
cost functions fi, ..., fy can be relaxed. [1] shows that for
DGD (and diffusion) the answer is no:
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Distributed Gradient Descent

Counterexample
Let f7(x) = L(x + (—1)'9)?, so each f? is convex and 1-smooth,

-2

411 3
initial points x;(0) = x2(0) = 0. Then, we can show that
x1(t) = —x2(t) > 0 and

but not Lipschitz. Consider the weight matrix W = 1 3 1], with

x(t+1) = %X1(t) - %Xz(t) —nelalt) - 0) = (; - m) s (£
Thus,
1 106>

2 (I () = %I + e() = X +) 2 m6” = (5
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Distributed Gradient Descent

Discussion

» The previous example shows that Lipschitz continuity of the
local cost functions fi, ..., fy is needed to ensure that the
consensus error |E(t)||r decays fast enough.
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Distributed Gradient Descent

Discussion

» The previous example shows that Lipschitz continuity of the
local cost functions fi, ..., fy is needed to ensure that the
consensus error ||E(t)||r decays fast enough.

» Also, in general a constant stepsize 1y = 1 converges to a
neighborhood within O (ﬁ) of the optimal cost
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» The previous example shows that Lipschitz continuity of the
local cost functions fi, ..., fy is needed to ensure that the
consensus error ||E(t)||r decays fast enough.

» Also, in general a constant stepsize 1y = 1 converges to a
neighborhood within O (ﬁ) of the optimal cost

» This is partly because the optimal solution is not a fixed point
of the DGD update
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Distributed Gradient Descent

Discussion

» The previous example shows that Lipschitz continuity of the
local cost functions fi, ..., fy is needed to ensure that the
consensus error ||E(t)||r decays fast enough.

» Also, in general a constant stepsize 1y = 1 converges to a
neighborhood within O (ﬁ) of the optimal cost

» This is partly because the optimal solution is not a fixed point
of the DGD update

» A diminishing sequence of stepsizes does converge, but at an
inferior rate.
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Distributed Gradient Descent

Discussion

» The previous example shows that Lipschitz continuity of the
local cost functions fi, ..., fy is needed to ensure that the
consensus error ||E(t)||r decays fast enough.

» Also, in general a constant stepsize 1y = 1 converges to a
neighborhood within O (ﬁ) of the optimal cost

» This is partly because the optimal solution is not a fixed point
of the DGD update

» A diminishing sequence of stepsizes does converge, but at an
inferior rate.

> The best stepsize, = 1, gives an O (t‘2/3 Int) rate, slower
than O (t71) in the centralized case
> [1] showed an Q(t=2/3) lower bound on the worst-case
performance
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t Tracking

Motivation

» The main issue with the previous methods is the inexactness
of the gradient update.

» If each agent knew the true gradient of x(t), then we could
recover the convergence rate of the centralized case.
» Some issues
» How do we estimate the gradient more accurately?
> The O(t~!) convergence rate holds for constant stepsizes, but
then the consensus error may not decay fast enough!
» Solution:
» Add an auxiliary variable to estimate the global gradient

» Add extra update step to ensure consensus error decays fast
enough
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Gradlent Tracklng

Gradient Tracking

The gradient tracking algorithm is

Wizx;(t) — ngi(t)

Mz

xi(t+1) =

.
[y

= |

gi(t +1) = Wigi(t) — VAi(xi(t +1)) — VAi(x(t)).
j=1

SOC Reading Group Meeting 27 November 2024
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Gradlent Tracklng

Gradient Tracking

The gradient tracking algorithm is

'MZ

xi(t+1) =) Wix(t) — ngi(t)

[
I
=

Mz

gi(t+1) = > Wigj(t) = Vilx(t + 1)) = VAi(xi(t)).

o.
Il
—

Note that each agent needs to communicate its state variable x;(t)
and the gradient estimate g;(t) at each time step.
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Gradient Tracking

Notation

We introduce the notations
1N

%(1) = 53 (D), B()= 5> &)

i=1 i=1

We also use E(t) and E,(t) to denote the consensus errors:

[Oa(t) = x(1) "]
Ed(t) = ; - (/ - /buT) X(t),
IEMGESIG)I

(ea(t) ~ 2(6) 1
E,(t) = ; _ </— N11T> G(t).
L(gn(t) —&(1) "
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Proof Sketch |

The proof is very lengthy and technical, but we cover some
highlights:
(1) Show that

Et)=(1-117) X(t)
Edt) = (1-117) 6(¢
(t+1)= >'<( ) —ne&(t )

18(2) = VF(x(1)I < WHEX(t)IIF
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Proof Sketch Il

(2) Using (1), show that

P(nlL)
IEC+Dle ]| %2 2220 [ IEGE+ D)
st Ee(t+1)[F 0LV3 o || 5pallEg(t + 1)F
n?LN-/3 0
+ — (V112
2(1-0) |zl

(3) Show that [|P(e)]| < 257 for = € (0, 4522).
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nt Tracking
00

Proof Sketch Il

(4) Conclude that

3 t—1
ZHE (1 < T8+ LRSS

where Ej is some constant depending only on the initial
conditions.

(5) Use the theorem from earlier to conclude that

: X — x* 2 2
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Proof Sketch IV

(6) Show that

Z I5(t)

(6.5) We need to use the general fact that if Y 72 a, < oo then
Ming<n<t—1 an = o(t™1).

(D)2 < I%(0) — x| S3LEg
2n 2(1-o0)

(7) Conclude using (6) and (6.5) that
min | Ex(7)I[F < o(t™)

7=0,...,t—

Pranav Reddy SOC Reading Group Meeting 27 November 2024



Gradient Tracking
°

For gradient tracking, we have

1 ;l||i(0)—x*r|2+ 3LE3 ]
t

2n 2(1—0)

Pranav Reddy SOC Reading Group Meeting 27 November 2024
UC SanDiego



Gradient Tracking
°

For gradient tracking, we have

1 {|Ix(0) — x*||? 3LE?
?[nxm ol i 0]

1 t
- ; f(X ) _ f )) 277 2(1 — 0_)

t
_min_[|E(7)I[F < o(t™)

.

v

» Gradient tracking recovers the centralized convergence rate in

the smooth convex case
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Gradient Tracking
°

For gradient tracking, we have

I%(0) — x*[|* 3LEF
[ 20 +2(1—00)1

_min_[|E(7)I[F < o(t™)

» Gradient tracking recovers the centralized convergence rate in

the smooth convex case
> > Similar results hold in the strongly convex case

SOC Reading Group Meeting 27 November 2024
UC SanDiego

Pranav Reddy



Gradient Tracking
°

For gradient tracking, we have

U (FRE) -~ N < 5 [”*(0)2; il i 2(31L_E°U)]

T7=1

_min_[|E(7)I[F < o(t™)

gesag

» Gradient tracking recovers the centralized convergence rate in

the smooth convex case
> > Similar results hold in the strongly convex case

» Notice the sensitivity to the parameter o, if ¢ is close to 1
then the problem is poorly conditioned and gradient tracking
may still perform poorly
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Gradient Tracking
°

For gradient tracking, we have

U (FRE) -~ N < 5 [”*(0)2; il i 2(31L_E°U)]

T7=1

_min_[|E(7)I[F < o(t™)

gesag

» Gradient tracking recovers the centralized convergence rate in

the smooth convex case
> > Similar results hold in the strongly convex case

» Notice the sensitivity to the parameter o, if ¢ is close to 1
then the problem is poorly conditioned and gradient tracking
may still perform poorly

» The technique of constructing an associated linear dynamical
system is somewhat common in the literature
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Conclusion
°

Conclusion

» We have introduced two algorithms for smooth distributed
convex optimization

» We discussed the features of each, as well as their
convergence rates

» \We proved the convergence of one naive algorithm for
distributed optimization, as well as discussed its limitations.

» There are much more advanced and preferable algorithms,
some of which incorporate addition internal dynamics to offset
the negative effects of consensus error on the gradient
updates.

> A key takeaway is that distributed first-order algorithms are
theoretically similar to inexact first-order methods, where
controlling the inexactness is needed to ensuring convergence.
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